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Abstract

Classical radiation equilibrium (the blackbody problem) is investigated by the
use of an analogy. Scaling symmetries are noted for systems of classical
charged particles moving in circular orbits in central potentials V (r) = —k/r"
when the particles are held in uniform circular motion against radiative
collapse by a circularly polarized incident plane wave. Only in the case of
a Coulomb potential n = 1 with fixed charge e is there a unique scale-invariant
spectrum of radiation versus frequency (analogous to zero-point radiation)
obtained from the stable scattering arrangement. These results suggest that
non-electromagnetic potentials are not appropriate for discussions of classical
radiation equilibrium.

PACS numbers: 03.50.De, 03.65.Nk, 03.65.Sq

1. Introduction

The blackbody problem within classical physics has never been solved. Solution requires
accurate calculations determining the spectra of random classical radiation which are in
steady-state equilibrium with various classical mechanical scattering systems. Calculations
for a few scattering potentials have been performed. Scattering calculations involving the
dipole approximation for particles of very small charge in a harmonic potential [1]! or in some
nonlinear potentials have been carried out [2, 3]. Although the harmonic potential gives no
condition on the radiation spectrum other than spatial isotropy, the other potentials suggest
that the Rayleigh—Jeans spectrum is the only radiation spectrum giving equilibrium between
radiation and matter in classical physics. Also, a class of potentials has been treated when the
scattering particle’s linear momentum takes the relativistic form [4]?, and again the conclusion
was that equilibrium required the Rayleigh—Jeans spectrum.

! See the appendix for the stability of the zero-point radiation under scattering by an electric dipole oscillator.

2 These articles suggest that a relativistic scatterer again leads to the Rayleigh—Jeans spectrum as the equilibrium
spectrum for classical radiation. The calculations involve the use of the relativistic expression for the linear momentum
of the orbiting particle in a general class of potentials V (r) which excludes the Coulomb potential. Such systems are
not relativistic systems. Only the Coulomb potential has been extended to fully relativistic theory. This question of
obtaining relativistic theories from mechanical potentials is discussed by Boyer.
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It has been suggested for more than thirty years [3] that understanding of classical radiation
equilibrium may require the use of relativistic scattering systems, specifically particles in
Coulomb potentials. More recently it has been noted that the unique value e of electronic
charge may also play a crucial role in classical radiation equilibrium [5]. In the last two
decades, these suggestions have been greeted with overwhelming rejection by the referees at
the leading physics journals. One referee declared that these suggestions are merely desperate
searches for ‘loopholes’ to avoid the obvious conclusion that classical physics is associated
with the Rayleigh—Jeans spectrum. Other referees have suggested that such ideas are so far
from currently accepted physics that they were unpublishable unless a complete solution of
the classical blackbody problem (and indeed of all atomic physics) was presented.

Nevertheless, the fact remains that there has never been a classical scattering calculation
involving the Coulomb potential, which is the only classical potential which has been extended
to a fully relativistic system. Now the Coulomb potential is special not only because of its
connections to relativistic physics but also because of its scaling symmetry properties. Since
most physicists seem unable to take seriously the need for relativistic scattering systems
for blackbody radiation equilibrium, perhaps scaling symmetry (which is easy to analyse)
may afford an easier glimpse into the problems of classical radiation equilibrium. A scaling
analysis of scattering is what we carry out in this paper. We carry out precise calculations for a
model scattering situation and note the scale invariance and universal character of the radiation
spectrum associated with scattering involving the Coulomb potential and only the Coulomb
potential. We believe the results indicate the serious nature of the remaining ‘loophole’ in the
classical blackbody problem.

2. Classical electromagnetic zero-point radiation

In this paper, we carry out a model scattering calculation which represents a crude analogue
to treating zero-temperature thermal radiation, classical electromagnetic zero-point radiation.
Now apparently many physicists are still unaware of the concept of classical zero-point
radiation, and indeed some referees at the leading physics journals regularly reject the
possibility of classical electromagnetic zero-point radiation. However, classical zero-point
radiation is an intrinsic part of classical electromagnetism which enters the theory as the
homogeneous boundary condition on Maxwell’s equations [1]. It is required in order to give
a classical electromagnetic description of the experimentally observed van der Waals forces
(Casimir forces) between macroscopic objects at zero temperature [6]. Furthermore, classical
electromagnetic zero-point radiation in connection with electric dipole harmonic oscillator
systems provides a classical description of a number of phenomena which are usually regarded
as having only a quantum description, such as van der Waals forces [1], diamagnetism [7]
and thermal effects of acceleration through the vacuum [8]. A reader of this manuscript who
cannot conceive of classical electromagnetic zero-point radiation may find it hard to follow
the logic of our model calculation. The decision to restrict our analogy to zero-temperature
was made so as to simplify the analysis as much as possible and thereby hopefully make it
transparent to readers.

Classical zero-point radiation is the random classical radiation which is present at the
absolute zero of temperature. In order to fit the experimentally observed Casimir forces (as
calculated numerous times [9] under various conditions within classical electrodynamics), it
must take the form

E, = byo, (1)
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where E, is the average energy per normal mode of angular frequency w and b, is a constant.
For numerical agreement with the observed Casimir forces, the constant b,, must take the
value

by =527 x 10728 erg-sec, 2)

which is a familiar number®. The spectrum of zero-point radiation is (up to a multiplicative
constant) the unique spectrum of random classical radiation which is Lorentz invariant [10]
and the unique spectrum which is scale invariant [11] under the oj,g-1-scaling allowed by
electromagnetism [12]. Since each normal mode of the electromagnetic field at (angular)
frequency w takes the form of a harmonic oscillator [13] at frequency w and can be describable
in terms of action-angle variables, it follows from equation (1) and E = J,w that the average
value of the action variable J,, (associated with each normal mode of frequency w) takes the
same constant value b,, independent of w.

Since classical electromagnetic radiation in an enclosure cannot bring itself to equilibrium,
the interaction of radiation with scattering systems represents the crucial element in
determining the equilibrium spectrum. Thermal radiation equilibrium involves steady-state
behaviour for both the scatterer and the radiation. The motion of the charged particles in
matter and the random radiation must fit together so that, on average, there is no change in the
particle energy and no change in the spectrum of the random radiation. Presumably there is
some aspect encoded within the scatterers which produces the universal character found for
thermal radiation. In this paper, we investigate the scattering of radiation by charged particles
in a crude model and find that the Coulomb potential possesses scaling aspects which allow
an associated universal radiation spectrum.

3. The model calculation

In our simplified model, we consider a single charged particle of mass m and charge e

undergoing uniform circular motion with speed v = wr in a central potential V (r) = —k/r",
the motion satisfying Newton’s second law
v? k 3
my ST oA 3)

where y = (1 — v?/c?)~/2. The orbital angular momentum of the particle is given by
J =rmyv. 4)

Now if the particle undergoing uniform circular motion has charge e, then it will radiate energy
into the electromagnetic field at the rate [14]
2e?

P = ——604)/47'2. (5)
In order to balance the energy loss to emitted electromagnetic radiation, we imagine a circularly
polarized plane wave of angular frequency w propagating along the axis perpendicular to the
orbital motion. (We may picture the particle’s motion as constrained by two frictionless
plane sheets so that it remains in a fixed orbital plane despite the magnetic force due to the

plane wave, or else we can consider two counter-propagating plane waves so as to eliminate
the magnetic field in the orbital plane.) The amplitude & of the electric field of the plane wave

3 The classical constant byp clearly takes the same value as (1/2)i. However, by, enters in purely classical
electromagnetic theory and has nothing to do with ideas of energy quanta.
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is taken as the smallest possible value such that the incident wave will provide the energy loss
given in equation (5). Thus we require

2
3 %wyr = e&yv, (6)
or, since r = w/v,
& - 2e
0= 350y, )
with an associated radiation energy density u for the incident plane wave
P (&5 +BY) = 1 e—2w4v2y8. (8)
8w 97 b

In this fashion we make an association between a particle motion and an electromagnetic field
corresponding to a steady-state coherent (in contrast to random) radiation scattering situation.
This association can be regarded as an analogue of the association between the average
particle motion and the electromagnetic spectrum which holds in classical thermal radiation
equilibrium. Since both scattering situations involve the known classical electromagnetic
interaction between charged particles and electromagnetic waves, we expect that exploring
one situation may give us insights into the other.

4. o} p-1-scaling symmetry for classical electromagnetism

We say that a system is o-scale invariant or has o -scaling symmetry if the system is mapped
onto itself under a dilatation which multiplies appropriate quantities in the system by a factor of
o. Although the set of all classical mechanical systems allows independent scalings of length
o7, time o, and energy o, classical electromagnetism allows only one o}, g-1-scaling symmetry
which connects together the scalings of length, time and energy [5]. The scaling coupling of
length and time is required by the appearance of a fundamental velocity ¢ for electromagnetic
radiation, and the coupling of energy and length is required by the appearance of a smallest
elementary charge e in nature. Under oy, z-1-scaling, lengths are scaled as | — I' = oj,p-11,
times are scaled as t — t’ = o, -1t and energies are scaled as E — E' = E /oj,g-1. It follows
that all speeds are oy, p-1-scale invariant since v =1/t — v' = (oy,g-11) /(01 g-11) =1/t = v.
Electric charge ¢ is o0, p-1-scale invariant since the potential energy E between two point
charges ¢ a distance r apart behaves as ¢> = Er — ¢ = E'r' = (E/oj5-1)(05,5-17) = ¢*.

Orbital angular momentum J is o, -1-scale invariant since J = rmyv — J' = r’'m’y’v' =
(o g—1r)Y(m /oy - 1)yv =rmyv = J. Electromagnetic ﬁelds & and B scale under o}, g-1-
scahng as =elr’— & =elr? = e/(ol,E ) =EJo? i -1~ Mass m is related to energy
mc? and so scales as an energy m — m’ = m /oy p1.

5. o3 p-1-scaling symmetries for the model scattering systems

We are now in a position to note the scaling symmetries for the model scattering systems

described above. Under oy, g-1-scaling symmetry, a potential energy function V(r) = —k/r"
is mapped to a new potential energy function Vi) - V(i) = V(r)/o;tE = —=k'/) =
—k'[(oyp-r)" = =0,y kK /1" = ( o lk/k)k/r or V(r) = —( o, Ik/k)k/r Form
invariance requires that
’ n—1
k'=o) . k. )

Thus the potential energy function retains its form under a oy, -1 -scaling transformation if and

only if the constant k appearing in the potential energy is also transformed to k" = o, .- ! k. Thus
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there is exactly one potential energy function which is oj,z-1-scale invariant k' = k, and that
is the potential energy function where n = 1, namely the Coulomb potential V (r) = —k/r.
If we write the potential function in terms of elementary charges of magnitude e, this is
V() = —e*/r.

The oy,g-1-scale invariance associated with the Coulomb potential reappears in the
equation for the orbital speed of the particle. Thus combining equations (3) and (4) for a
general potential V (r) = —k/r", we can eliminate the orbital radius  so as to obtain an
equation connecting the orbital speed v and the orbital angular momentum J in terms of the
particle mass m and the potential parameter £

2—n,,1-n __ nk n—1
vy T = ﬁm
The Coulomb potential with n = 1 is very special because in this case (and only in this case)
the particle mass m disappears from equation (10) for the orbital speed giving

(10)

This last equation is clearly o, g-1-scale invariant since v, e and J are all invariant.

This matter of o, g-1-scale invariance reappears in the scattering spectrum given by
equations (7) and (8) and gives a universal character to the spectrum. The electric field &
appearing in equation (7) can be regarded as a function of the angular frequency w of the
wave (which exactly matches the angular frequency of the orbital motion of the mass m in
the potential V(r)) and of the orbital particle speed v. For the Coulomb potential (and only
for the Coulomb potential), the orbital speed v as given in equation (11) is independent of
the particle mass m. Thus equations (7) and (8) for the electric field and the electromagnetic
energy density become

-2
2e ,(é 2\
—4
R TN e’ 4 2\’ 2\

We note that the radiation spectrum given by equations (7) and (8) makes no reference
whatsoever to the orbital motion of any charged particle m other than through the angular
momentum J. The spectrum associates an electric field & and corresponding electromagnetic
energy density u with a given frequency w and with fundamental constants e and ¢ provided
that the value of any orbital angular momentum J is chosen as a constant, perhaps chosen as the
same constant as appeared above in equation (2). Thus we have arrived at a universal spectrum
of just the sort which we would want to associate with thermal radiation at zero temperature,
classical electromagnetic zero-point radiation. We also emphasize that the constant k = &>
cannot be allowed to change continuously or the universal character of the spectrum will be
lost.

Under oy, g-1-scale transformation, the spectrum given in equations (7) and (8) is invariant.
The electric field transforms as & — &) = & / o[% g-1» While the energy per unit volume
transforms as u — u' = u / ol‘t‘ 1> these transformation forms are matched by the powers of
o appearing on the right-hand sides of the equations while all the remaining parameters are
0y; g-1-scale invariant.

Perhaps it is helpful to characterize the uniqueness of the scattering spectrum (7) in the
Coulomb case in a different way. If one rescales units according to oy, g-1-scaling, the value of

and



9640 T H Boyer

k appearing in the potential energy function V(r) = —k/r" changes with the units for every
case except n = 1. Thus it is natural to regard k as a parameter available for an adiabatic
change in mechanics, except for the Coulomb potential function where the parameter e? = k
is oy, g-1-scale invariant and can be chosen as fixed. The angular momentum J of a particle
in the orbit in the potential V (r) is an action variable and so is an adiabatic invariant which
does not change with an adiabatic change of the parameter k. Thus for a general value of n,
the different values of k for fixed mass m will involve different frequencies @ and different
scattering electric fields &. This generates a spectrum connecting electric field strength &
and frequency w for each fixed value of mass m. However, in general, different values of mass
m will generate different spectral connections between & and w. Now we remember that
thermal radiation equilibrium involves a unique equilibrium spectrum which is independent of
the mass m of the charged particle which is scattering the radiation. In our crude analogue to
thermal radiation scattering, we have found that the Coulomb potential energy function with
unique charge e is associated with a unique spectrum connecting & and w independent of
the mass m of the orbiting particle. Moreover, the Coulomb scattering potential is the only
potential energy function of the form V (r) = —k/r" which gives such a unique spectrum.

6. Scaling symmetries for scatterers of classical zero-point radiation

The o0, g-1-scaling symmetries which we have noted above for our model scattering calculation
reappear in the scattering of random radiation at zero-temperature corresponding to classical
electromagnetic zero-point radiation. The zero-point radiation spectrum is oy, g-1-scale
invariant. Thus the two-field correlation function is given by [12]
2bypc

(= y)?
where Fy, (x) is the electromagnetic field tensor, g"” is the metric for Minkowski spacetime, x
and y are spacetime displacements and b,;, is the constant appearing in equation (2) which has
the units of angular momentum. Under a o, g-1-scale transformation, the correlation function
is invariant [12] since the four inverse powers of o;,g-1 associated with the two factors of the
electromagnetic field on the left-hand side are matched by the four inverse powers of space or
time on the right-hand side.

The scattering equations for a particle of charge e in a Coulomb potential function
V(r) = —e*/r can be given in a manifestly Lorentz-covariant form. The particle motion
follows the relativistic form of Newton’s second law including radiation reaction (which is
usually known as the Lorentz—Dirac equation) [15]

dZxr w dxy . 22 [d3xH N 1 dx# d®x" d?x, eI dx, (15)
m—; - =e —t -l e ,
dr? Colgr "33\ de3 2 dr dr? de? % dr

Y

where F¢, gives the electromagnetic fields of the Coulomb potential, the term involving
2¢?/(3c?) gives the radiation damping and F,’ is the random zero-point radiation with the
correlation function given in equation (14). The scattered electromagnetic fields can be
written in terms of the potentials as F*' = 9" A" — 9" A", where the potentials satisfy the
wave equation with source J# given by the scattering charged particle

4

A% = — J*, (16)
C

(FrY () Fgf () = (87007 — g"79,97 — g™ 89! + g77 8l d)) (14)

x 7y y

with the solution

AM(x) = A (x) + 6—12/ d*x'D(x — x")J", (17)
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where A™* is the vector potential for the incoming zero-point radiation Fj,' = 9*A™ —
VA while D(x — x") = 2c0(x? — x)§[(x — x’)?] is the retarded Green function for
the scalar wave equation and J* is the current density for the scattering charged particle
JH(x) = ec[ dt(dxs' /dT)8*[x — x.(T)].

Since under a scaling transformation, the mass m transforms inversely with o, -1, while
x* and t transform directly with oj, -1, it follows that every term in equation (15) scales as
all_h%,l and hence that the equation is oy, g-1-scale invariant provided the mass is transformed.
The wave equation (16) involves three inverse powers of 0;, ;-1 on each side and hence is 0y, p-1-
scale invariant. Similarly, every term in equation (17) scales as crl:bl,l and hence that equation
is also oy, g-1-scale invariant. Since the scattering equations are scale invariant provided the
mass m is transformed, we expect that the o}, g-1-scale invariance of the incoming zero-point
radiation will be preserved for the Coulomb potential, just as the spectrum in our model
calculation is oy, g-1-scale invariant independent of particle mass m. However, there has been
no complete calculation showing the invariance of zero-point radiation under scattering by a
charged particle in a Coulomb potential.

In the physics literature, all of the scattering calculations for random classical radiation
involve potentials other than the Coulomb potential. In the inertial frame where the radial
force on the orbiting particle takes the form F = nk/r"*!, the particle equation of motion
corresponding to equation (15) for a general potential function will not be oy, -1 -scale invariant
since invariance in form requires that the constant £ be transformed with 1 —n factors of o, g-1,
as in equation (9). Since for a general potential function the equations describing the radiation
scattering are not oy, g-1-scale invariance, it should come as no surprise that the o;, g-1-scale
invariance of the income zero-point radiation is not preserved, just as it is not preserved in our
model calculation if n # 1. Rather, the Rayleigh—Jeans spectrum, which is not o;, p-1-scale
invariant, seems to be the spectrum which is invariant for (at least dipole) scattering by more
general classical potentials [2—4].

It is also worth noting that zero-point radiation is the unique spectrum of random radiation
which is Lorentz invariant [10]. Equation (14) gives the manifestly Lorentz covariant two-
point correlation function for classical electromagnetic zero-point radiation. In equations
(15)—(17) we have given the manifestly Lorentz-covariant form for the scattering equations.
We suggest again that the Lorentz-invariant character of zero-point radiation is likely to be
preserved by such a scattering system. On the other hand, a general mechanical scatterer
breaks the Lorentz-invariance of the scattering equations. It does not seem surprising that the
Lorentz-invariant zero-point spectrum is transformed towards a non-Lorentz-invariant form
by scattering systems which are not Lorentz invariant.

7. Conclusion

In this paper, we have carried out a specific model calculation for the coherent electromagnetic
radiation spectrum of minimum intensity which will hold a charged particle in a circular orbit in
apotential function V (r) = —k/r". We find that the radiation spectrum is oy, g1 -scale invariant
and independent of the particle mass for a fixed value of angular momentum only in the case
where the Coulomb potential with fixed charge e? provides the basic mechanical behaviour
for the orbit. We have noted the oy, g-1-scale invariance of the electromagnetic radiation and
the scattering equations for electromagnetic radiation when the Coulomb potential is used.
We believe that our arguments strongly suggest that the Coulomb potential may provide an
electromagnetic scatterer which leaves invariant the zero-point radiation spectrum. Rather than
being merely a ‘loophole’ in the problem of classical radiation equilibrium, this calculation is
the fundamental classical calculation which needs to be performed.
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However, nonrelativistic quantum physics apparently has such a complete hold on the
minds of many physicists, that they reject the possibility that some classical calculations still
need to be done to clarify the distinctions between classical and quantum phenomena.
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